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SECTION 1

Motivation




A one-line security bug

Your first task on a security team: program a laboratory door.

CARD READER

valid / invalid I

DECISION DOOR
? open / closed

PIN PAD
correct / incorrect
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A one-line security bug

Your first task on a security team: program a laboratory door.

CARD READER

valid / invalid I

PIN PAD
correct / incorrect

DECISION
7

DOOR

open / closed

A rushed implementation
if card OR pin: open

Security failure: either credential alone
opens the door.

Correct decision

if card AND pin: open

One logical word changes which states the program accepts.

Motivation



Logic in computer science

PROGRAMS CIRCUITS
which branch runs? which output turns on?

N

BOOLEAN LOGIC

true / false decisions

DATABASES VERIFICATION
which rows match? can a bad state occur?
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Logic in computer science

PROGRAMS CIRCUITS
which branch runs? which output turns on?

N

BOOLEAN LOGIC

true / false decisions

DATABASES VERIFICATION
which rows match? can a bad state occur?

A requirement becomes a formula; the formula becomes a machine decision.

Logic lets us ask: Does the decision work for every possible input?

Motivation



Boole and Shannon

1847: Boole

logic becomes
symbolic algebra

Sources: Library of Congress; MIT.

Motivation


https://www.loc.gov/item/49008803/
https://news.mit.edu/2001/shannon

Boole and Shannon

1847: Boole 1937: Shannon

logic becomes algebra describes
symbolic algebra relay switches

Y

As an MIT master’s student, Shannon recognized that a relay switch behaves like a
truth value:

TRUE / FALSE +— ON / OFF

Sources: Library of Congress; MIT.

Motivation


https://www.loc.gov/item/49008803/
https://news.mit.edu/2001/shannon

Boole and Shannon

1847: Boole 1937: Shannon Today

logic becomes algebra describes programs, circuits,
symbolic algebra relay switches queries, verification

Y

Y

As an MIT master’s student, Shannon recognized that a relay switch behaves like a
truth value:

TRUE / FALSE +— ON / OFF

A machine could now evaluate a logical formula.

Sources: Library of Congress; MIT.

Motivation


https://www.loc.gov/item/49008803/
https://news.mit.edu/2001/shannon

SECTION 2

Formulas and truth tables




Propositions

MUST UNDERSTAND
Proposition. A declarative sentence with exactly one truth value.

Sentence Proposition?

HKUST is in Hong Kong.
17 is divisible by 3.
x+2=T.

Submit the assignment.
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Propositions

MUST UNDERSTAND

Proposition. A declarative sentence with exactly one truth value.

Sentence

Proposition?

HKUST is in Hong Kong.
17 is divisible by 3.
x+2=T.

Submit the assignment.

yes

yes
not yet

no

False statements can be propositions.

Formulas and truth tables

Their truth value must be definite.



Atomic propositions

MUST UNDERSTAND
Atomic proposition. One complete claim treated as a single unit.

For the door example, use readable names:

Name Complete claim

card  the card is valid
pin  the PIN is correct
open  the door opens

Each atom names a complete claim. It is not an object or number.

Formulas and truth tables



Formulas

MUST UNDERSTAND
Logical formula. An atomic proposition, or propositions combined by logical
connectives.

Formulas and truth tables



Formulas

MUST UNDERSTAND

Logical formula. An atomic proposition, or propositions combined by logical
connectives.

Arithmetic formula Logical formula
(x+y)-—z (pVq)A-r

X, Y,z are numbers p,q,r are Tor F
rules: +, —, x, =+ connectives: -, A\, V, &
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Formulas

MUST UNDERSTAND

Logical formula. An atomic proposition, or propositions combined by logical
connectives.

Arithmetic formula Logical formula
(x+y)-—z (pVq)A-r

X, Y,z are numbers p,q,r are Tor F
rules: +, —, x, =+ connectives: -, A\, V, &

Same pattern: variables combined by rules.

Formulas and truth tables



Connectives

MUST UNDERSTAND
Connective. An operation that combines one or more formulas to form a new

formula.

Name Formula Read as True when
negation -p not p p is false
conjunction pAg p and g both are true
disjunction pVaqg porgq at least one is true

exclusive disjunction pPdq p XOR g exactly one is true

Formulas and truth tables



Connectives

MUST UNDERSTAND
Connective. An operation that combines one or more formulas to form a new

formula.

Name Formula Read as True when
negation -p not p p is false
conjunction pAg p and g both are true
disjunction pVaqg porgq at least one is true

exclusive disjunction pPdq p XOR g exactly one is true

OR: at least one is true. XOR: exactly one is true.

Formulas and truth tables



Formula structure

Consider

(PVa)A—p

Formulas and truth tables
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1. Compute the left part: pV q.
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Formula structure

Consider

(PVa)A—p

1. Compute the left part: pV q.
2. Compute the right part: —p.
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Formula structure

Consider

(PVa)A—p

1. Compute the left part: pV q.
2. Compute the right part: —p.
3. Combine them with the outer A.

The outer A is the main connective: it is evaluated last.

Formulas and truth tables



Truth assignments

A truth assignment gives every atom a value, T or F.

Formulas and truth tables

10
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Truth assignments

A truth assignment gives every atom a value, T or F.

With n atoms, there are 2" assignments.

For two atoms:
(T,7), (T.F), (F,T),

Formulas and truth tables

F.F).
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Truth assignments

A truth assignment gives every atom a value, T or F.

With n atoms, there are 2" assignments.

For two atoms:
(T,7), (T.F), (F,T),

A truth table checks every possible case.

Formulas and truth tables

F.F).

10



Basic truth tables

o H|o
= =

Formulas and truth tables
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Basic truth tables
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Basic truth tables

o H|o
= =

V: at least one. @: exactly one.

Formulas and truth tables

PAG pPVq pdgq

e s

q
T
F
T
F

oS
34
mH 3 M
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Truth-table construction

Evaluate (p V q) A —p.

HHEHH|S
HHE T AH|Q

Formulas and truth tables
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Truth-table construction

Evaluate (p V q) A —p.

p q|pVqg —p
T T| T F
T F| T F
F T| T T
F F| F T

Formulas and truth tables
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Truth-table construction

Evaluate (p V q) A —p.

p q|pva -p|(PVg)A-p
T T| T F F
T F| T F F
F T| T T T
F F| F T F

Formulas and truth tables

12



Truth-table construction

Evaluate (p V q) A —p.

p q|pva -p|(PVg)A-p
T T| T F F
T F| T F F
F T| T T T
F F| F T F

The formula is true exactly when p=F and g = T.

Formulas and truth tables

12



Formula classification

MUST UNDERSTAND
Tautology and contradiction. A tautology is always true; a contradiction is
always false.

They behave like constant expressions: the output does not depend on the input.

Behavior  Arithmetic example Logical examples

always 1 x—x+1 tautologies: pV —p, gV —q

Formulas and truth tables
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MUST UNDERSTAND
Tautology and contradiction. A tautology is always true; a contradiction is
always false.

They behave like constant expressions: the output does not depend on the input.

Behavior  Arithmetic example Logical examples

always 1 x—x+1 tautologies: pV —p, gV —q

always 0 X — X o
contradictions: p A —p, g A —q
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Formula classification

MUST UNDERSTAND
Tautology and contradiction. A tautology is always true; a contradiction is

always false.

They behave like constant expressions: the output does not depend on the input.

Behavior  Arithmetic example Logical examples

always 1 x—x+1 tautologies: pV —p, gV —q

always 0 X — X o
contradictions: p A —p, g A —q

changes x+1
contingencies: pA g, pV q
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Formula classification

MUST UNDERSTAND
Tautology and contradiction. A tautology is always true; a contradiction is

always false.

They behave like constant expressions: the output does not depend on the input.

Behavior  Arithmetic example Logical examples

always 1 x—x+1 tautologies: pV —p, gV —q

always 0 X — X o
contradictions: p A —p, g A —q

changes x+1
contingencies: pA g, pV q

A truth table asks the same question: does the final value ever change?

Formulas and truth tables

13



Logical equivalence

MUST UNDERSTAND
Logical equivalence. A = B means that A and B agree on every truth assign-
ment.

Formulas and truth tables

14



Logical equivalence

MUST UNDERSTAND
Logical equivalence. A = B means that A and B agree on every truth assign-

ment.
Arithmetic identity Logical equivalence
(x+D(x—-1)=x*-1 AVF=A
Same number for every x. Same truth value on every truth
assignment.
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Logical equivalence

MUST UNDERSTAND
Logical equivalence. A = B means that A and B agree on every truth assign-

ment.
Arithmetic identity Logical equivalence
(x+D(x—-1)=x*-1 AVF=A
Same number for every x. Same truth value on every truth
assignment.

An equivalence law lets us replace one side by the other.

Formulas and truth tables 14



Equivalence Law (1)

Truth constants

Role Arithmetic Logic
neutral x+0=x AVF=A
neutral x-1=x AANT=A

Formulas and truth tables

15



Equivalence Law (1)

Truth constants

Formulas and truth tables

Role Arithmetic Logic

neutral x+0=x AVF=A
neutral x-1=x AANT=A
absorbing x-0=0 AAF=F
absorbing — AvVvT=T

15



Equivalence Law (1)

Truth constants

Role Arithmetic Logic

neutral x+0=x AVF=A

neutral
absorbing
absorbing

x-1=x AANT=A
x-0=0 AAF=F
— AvT=T

Identity laws remove a neutral value.

Formulas and truth tables

Domination laws produce a fixed value.

15



Equivalence Law (2)

Repetition and opposites

Law Formula Meaning
idempotent AVA=A Repeating a claim adds nothing.
ANA=A

Formulas and truth tables
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Equivalence Law (2)

Repetition and opposites

Law Formula Meaning
idempotent AVA=A Repeating a claim adds nothing.
ANA=A

double negation —A=A

Two negations cancel.

Formulas and truth tables

16



Equivalence Law (2)

Repetition and opposites

Law Formula Meaning
idempotent AVA=A Repeating a claim adds nothing.
ANA=A

double negation —A=A
complement AV-A=T

AN—-A=F

Two negations cancel.
One must be true.

Both cannot be true.

Formulas and truth tables

16



Equivalence Law (3)

De Morgan’s law: negating a formula
To negate a compound formula:

negate each part and swap AND with OR.

-(AAB)=-AV B, “not both” means “at least one is not”;

Formulas and truth tables
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Equivalence Law (3)

De Morgan’s law: negating a formula

To negate a compound formula:

negate each part and swap AND with OR.

-(AAB)=-AV B, “not both” means “at least one is not”;

~(AV B) = -AA B,

Formulas and truth tables

“neither” means “both are not.”

17



Equivalence Law (3)

De Morgan’s law: negating a formula
To negate a compound formula:

negate each part and swap AND with OR.

-(AAB)=-AV B, “not both” means “at least one is not”;

-(AV B)=-ANA-B, “neither” means “both are not.”

A truth table can verify either law row by row.

Formulas and truth tables

17



Equivalence Law (4)

Distributive law

Formulas and truth tables

Arithmetic

x(y +2z)=xy +xz

18



Equivalence Law (4)

Distributive law

Arithmetic
x(y +2z)=xy +xz
Logic
AN(BVC)=(AANB)V(AAC)

Formulas and truth tables
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Equivalence Law (4)

Distributive law

Arithmetic
x(y +2z)=xy +xz
Logic
AN(BVC)=(AANB)V(AAC)

AV(BANC)=(AVB)A(AV C)

Formulas and truth tables
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Equivalence Law (4)

Distributive law

Arithmetic
x(y +2z)=xy +xz
Logic
AN(BVC)=(AANB)V(AAC)

AV(BANC)=(AVB)A(AV C)

The repeated formula A appears in both terms on the expanded side.

Formulas and truth tables

18



SECTION 3

Conditionals




Using an implication

MUST UNDERSTAND
Implication. p — g means: whenever p is true, g must be true.

Let
p: | miss the bus, g : | am late for class.

Conditionals
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Using an implication

MUST UNDERSTAND
Implication. p — g means: whenever p is true, g must be true.

Let
p: | miss the bus, g : | am late for class.

Suppose we accept the rule and know the trigger occurred:

p—q p - [q]
—— ~—
accepted rule known fact
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Using an implication

MUST UNDERSTAND

Implication. p — g means: whenever p is true, g must be true.

Let
p: | miss the bus, g : | am late for class.

Suppose we accept the rule and know the trigger occurred:

p—q p - [q]
—— ~—
accepted rule known fact

If | missed the bus, the rule requires me to be late.

Conditionals

19



Evaluating an implication

When p and g are already known, ask whether the situation satisfies the rule p — q.

Conditionals

The rule in this situation

T H 3|

Sl RS B B IS

S sl

trigger occurs; requirement met

trigger occurs; requirement broken
trigger absent; rule makes no claim
trigger absent; rule makes no claim

20



Evaluating an implication

When p and g are already known, ask whether the situation satisfies the rule p — q.

The rule in this situation

T H 3|

Sl RS B B IS

S sl

trigger occurs; requirement met

trigger occurs; requirement broken
trigger absent; rule makes no claim
trigger absent; rule makes no claim

Only p =T, g = F makes the implication false.

Conditionals

20



Evaluating an implication

“If the world ended yesterday, then | am an alien.”

The trigger is false. The rule makes no claim about the conclusion. Therefore,
propositional logic assigns the implication the value T.

Conditionals

20



Removing the arrow

An implication is false in exactly one case:

A=T and B=F.

Conditionals

21



Removing the arrow

An implication is false in exactly one case:

A=T and B=F.

The formula =A V B excludes exactly the same case:

A— B=-AVB|

Conditionals
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Removing the arrow

An implication is false in exactly one case:
A=T and B=F.

The formula =A V B excludes exactly the same case:

A— B=-AVB|

This law lets us calculate with an implication using only NOT and OR.

Conditionals

21



Necessary and sufficient conditions

pP—q

Role Meaning

p is sufficient for ¢ p guarantees g

Conditionals
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Necessary and sufficient conditions

pP—q

Role Meaning

p is sufficient for ¢ p guarantees g
g is necessary for p p cannot occur without g

Conditionals
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Necessary and sufficient conditions

pP—q

Role Meaning

p is sufficient for ¢ p guarantees g
g is necessary for p p cannot occur without g

Example:
4|n — 2|n.

4 | nis sufficient for 2 | n.
2| nis necessary for 4 | n.

Conditionals

22



Converse and contrapositive

Let p mean “lt is a dog,” and let g mean “It is an animal.”

Statement Form Example

Result

original p—q dog — animal

true

Conditionals

23



Converse and contrapositive

Let p mean “lt is a dog,” and let g mean “It is an animal.”

Conditionals

Statement Form Example Result
original p—q dog — animal true
converse q—p animal — dog false: cat
inverse —=p — =g not dog — not animal false: cat

23



Converse and contrapositive

Let p mean “lt is a dog,” and let g mean “It is an animal.”

Conditionals

Statement Form Example Result
original p—q dog — animal true
converse q—p animal — dog false: cat
inverse —=p — =g not dog — not animal false: cat
contrapositive —g — —p not animal — not dog  true

p—qg=—q— p|

23



Biconditional

MUST UNDERSTAND
Biconditional. p <> g is true exactly when p and g have the same truth value.

Conditionals

24



Biconditional

MUST UNDERSTAND
Biconditional. p <> g is true exactly when p and g have the same truth value.

Read: p if and only if g.

P q|pq
T T| T
T F| F
F T| F
F F| T

Conditionals

24



Biconditional

MUST UNDERSTAND
Biconditional. p <> g is true exactly when p and g have the same truth value.

Read: p if and only if g.

P q|peq

T T T Equivalent to two implications:

T F F _

e |AeB=(A—B)A(B— Al
F F T
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Biconditional

MUST UNDERSTAND
Biconditional. p <> g is true exactly when p and g have the same truth value.

Read: p if and only if g.

P q|peq

T T T Equivalent to two implications:

T F F _

e |AeB=(A—B)A(B— Al
F F T

Without arrows:

(A< B=(AAB)V (-AN-B)|

Both are true, or both are false.

Conditionals 24



Biconditional and logical equivalence

Notation Status Reading
A+ B formula In one particular case: do A and B agree?
A=B

Is A= B also a formula? After values are assigned, A <> Bis T or F.

Conditionals

25



Biconditional and logical equivalence

Notation Status Reading
A+ B formula In one particular case: do A and B agree?
A=B

judgment For every assignment, A and B agree.
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Biconditional and logical equivalence

Notation Status Reading
A+ B formula In one particular case: do A and B agree?
A=B

judgment For every assignment, A and B agree.

A = B exactly when A < B is always T.

No particular variables or assignment need to be named.

Conditionals 25



Biconditional and logical equivalence

Notation Status Reading
A+ B formula In one particular case: do A and B agree?
A=B

judgment For every assignment, A and B agree.

A = B exactly when A < B is always T.

No particular variables or assignment need to be named.
Truth tables and equivalence laws can prove the judgment.

Conditionals

25



Translation

Three steps

English Formula
1. Define the atomic propositions. "
. . . p1q
2. Find the main logical phrase. Patterns P only if g
3. Add parentheses, then read the p iff g
formula back. neither p nor g

not both p and g

Conditionals 26



Translation

Three steps

English Formula

1. Define the atomic propositions. -
2. Find the main logical phrase pif g 9P
' giealp ' Patterns P only if g p—q
3. Add parentheses, then read the piff g p<q
formula baCk. neither p nor q ﬁp A —|q

not both pand ¢ —(pAq)
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Translation

Three steps

1. Define the atomic propositions.

2. Find the main logical phrase.

3. Add parentheses, then read the
formula back.

neither p nor g
not both p and g

After “only if” comes the necessary condition.

Conditionals



Lab door rule

The door opens exactly when the card is valid and the PIN is correct.

Conditionals

27



Lab door rule

The door opens exactly when the card is valid and the PIN is correct.

exactly when —

Conditionals
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Lab door rule

The door opens exactly when the card is valid and the PIN is correct.

exactly when —

card valid and PIN correct — card A pin

Conditionals

27



Lab door rule

The door opens exactly when the card is valid and the PIN is correct.

exactly when —

card valid and PIN correct — card A pin

‘ open < (card A pin) ‘

Conditionals 27



Lab door rule

The door opens exactly when the card is valid and the PIN is correct.

exactly when —

card valid and PIN correct — card A pin

‘ open < (card A pin) ‘

Left to right: no unauthorized opening.
Right to left: correct credentials must work.

Conditionals

27



Lab door verification

card  pin

open | card A pin | open <+ (card A pin)

R R RS
HTHHH"E S

MHTE TS S
s les Mo Mo e e B
HmAam g

Conditionals
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Lab door verification

card  pin  open | card A pin | open <> (card A pin)

CICECECISISISS
HTHHH"E S
CE RIS
s les Mo Mo e e B
Qe m S

Each false row reveals a bug:
unauthorized access or rejected valid credentials.

Conditionals

28



SECTION 4

Problem solving




Problem

Prove that both sides have the same truth value for every p and q.

Problem solving

Show that

(p—=q)A(p— —q)=-p|

29



Natural-language reasoning

Temporarily, let p mean “the door opens” and g mean “the alarm sounds.”

p—q p——q
If the door opens, the alarm sounds. If the door opens, the alarm does not
sound.

Problem solving

30



Natural-language reasoning

Temporarily, let p mean “the door opens” and g mean “the alarm sounds.”

p—q p——q
If the door opens, the alarm sounds. If the door opens, the alarm does not
sound.
door opens =  alarm sounds and does not sound impossible

Problem solving

30



Natural-language reasoning

Temporarily, let p mean “the door opens” and g mean “the alarm sounds.”

p—q p——q
If the door opens, the alarm sounds. If the door opens, the alarm does not
sound.
door opens =  alarm sounds and does not sound impossible

Both rules can be true only when the door stays closed: p = F.

Therefore, the left side is true exactly when —p is true.

Problem solving

30



Two solution methods

Method What to do

truth table Check all four assignments and compare the final columns.

equivalence laws Rewrite the left side step by step until it becomes —p.

Both methods prove the same claim in different ways.

Problem solving

31



Truth-table solution

Compare the left side with =p on all four assignments.

P q|-q|p—q p——q]|leftside | —p
T T| F T F F F
T F| T F T F F
F T| F T T T T
F F| T T T T T

Problem solving

32



Truth-table solution

Compare the left side with =p on all four assignments.

P q|-q|p—q p——q]|leftside | —p
T T| F T F F F
T F| T F T F F
F T| F T T T T
F F| T T T T T

The shaded columns match on every row. Therefore,

(p—q)A(p— —q)=—p.

Problem solving

32



Equivalence-law solution

Start from the left side. Preserve its truth value on every assignment.

(p—q)A(p— —q)

Problem solving

33



Equivalence-law solution

Start from the left side. Preserve its truth value on every assignment.

(p—q)A(p— —q)
=(-pVag)A(-pVq) remove arrows

Problem solving
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Equivalence-law solution

Start from the left side. Preserve its truth value on every assignment.

(p—q)A(p— —q)
=(-pVag)A(-pVq) remove arrows
=-pV(gA—q) distribute

Problem solving

33



Equivalence-law solution

Start from the left side. Preserve its truth value on every assignment.

(p—=aq)A(p——q)

=(-pVag)A(-pVq) remove arrows
=-pV(gA—q) distribute
=-pVF contradiction

Problem solving 33



Equivalence-law solution

Start from the left side. Preserve its truth value on every assignment.

(p—q)A(p— —q)

=(-pVag)A(-pVq) remove arrows
=-pV(gA—q) distribute
=-pVF contradiction

remove F.

We reached the right side, so the formulas are equivalent.

Problem solving

33



Knights and knaves

On an island:
= a knight always tells the truth;

= a knave always lies.
You meet A and B.

A says B says
“Bis a knight.” “Ais a knight.”

What are their types?

Problem solving

34



Modeling the first exchange

p  Alis a knight Speaker rule
g B is a knight
Sp  statement made by A p <> Sa g+ Sg

Sg  statement made by B
Type and statement have the same truth

value.
What did they say? Sa=4q, Sg=np.

Substitute into the speaker rule:

(P a)N(@gep)=perq

Thus p and g agree: both true or both false.

Same type. Their actual type is not determined.

Problem solving 35



Mutual accusations

A says “B is a knave.”
B says “A is a knave."

Using the same variables,
Sa = q, Sg = —p.

Therefore,
(P —q) A (g« —p)=(pA=q)V(-pAq)=pDq.

Opposite types.

Which person is the knight is not determined.

Problem solving

36



Knights and knaves practice

Use the same p, q, Sa, and Sg.

A says
“B is a knave.”

B says
“We are opposite types.”

1. Identify S5 and Sg.

2. Write the two speaker constraints.
3. Determine the types of A and B.

Problem solving

37



Summary

. Truth tables define meaning and test equivalence.

. Implications express requirements.

A W N =

. Solve by cases or by equivalence laws.

. Propositions have truth values. Connectives build formulas.

Next lecture

Predicate logic: adding objects, properties, and quantifiers.

Problem solving
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Equivalence laws: basic reference

Law Equivalent formulas

identity pANT=p,pVF=p
domination pvVT=T, pANF=F
idempotent PVP=p, pApP=p

double negation ——p=p

complement pV-p=T,pA—-p=F
commutative pVg=qVp,pANg=qgAp
absorption pV(pAg)=pipA(pVg)=p

Apply any law in either direction.

Problem solving
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Equivalence laws: structural reference

Problem solving

Law

Equivalent formulas

associative

distributive

De Morgan

(pva)Vr=pVv(qVvr)
(PAGQ)Ar=pA(gAr)
pV(gAr)=(pVa AlpV
pA(gVr)=(pAq)V(pA
~(pANg)=-pV—q
~(pVaq)=-pA—q
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Conditional equivalences: reference

Type Equivalent formulas

conditional p—>qg=-pVg
p—qg=-qg——p
(p=a)A(p—=r)=p—(qAT)
(p=q)V(p—=r)=p—(qVr)
(p=r)A(g—=r)=(pVaq)—r
(p=r)V(g—=r)=(pAq)—r

biconditional p+ g=(p—q)A(9—p)
pr g=-p<r g
p<q=(pPAq)V(-pA-q)

Problem solving
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